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Abstract 

We prove some consistency results concerning the Moving Off Prop¬ 
erty for locally compact spaces, and thus the question of whether their 
function spaces are Baire. 


1 Introduction 

The Moving Off Property was introduced in HH to characterize when Ck(X) 
satisfies the Baire Category Theorem, for g-spaces X. Here we shall only be 
concerned with locally compact spaces (which are q), and so won’t define q. 

We shall assume all spaces are Hausdorff. 

Definition. A moving off collection for a space X is a collection K, of non¬ 
empty compact sets such that for each compact L, there is a K e /C disjoint 
from L. A space satisfies the Moving Off Property (MOP) if each moving off 
collection includes an infinite subcollection with a discrete open expansion. 
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Theorem 1 [IT] . A locally compact space X satisfies the MOP if and only 
if Ck(X) is Baire, i.e., satisfies the Baire Category Theorem. 

There is a less onerous equivalent of the MOP for locally compact spaces: 

Lemma 2 [TO]. Let X be a locally compact space. Then X has the MOP 
if and only if every moving off collection for X includes an infinite discrete 
subcollection. 

We give a proof for the benefit of readers who are not topologists. 

Proof. Let /C be a moving off collection for X. By local compactness, each 
K G /C can be fattened to an open set with compact closure. Let 1C be the 
collection of all compact closures of open sets around members of 1C. Then 1C 
is moving off. For let C be a compact subset of X. There is a K G K, disjoint 
from C. By regularity and local compactness, there is an open U D K with 
compact closure U disjoint from C. Then U G fC. Since we have established 
that 1C is moving off, by hypothesis it includes an infinite discrete collection 
{Un}n<u- But each U n included some K n G 1C. Then { K n } n<0J is discrete 
and has the discrete open expansion {U n } n<U] . □ 

In pT], [T5], and [2T] . assuming the existence of a supercompact cardinal, 
a model of set theory is constructed, which we shall refer to as a model of 
PFA(S)[S], We refer the reader to those papers for a discussion of what 
PFA (S') [S'] is. In these papers various propositions concerning locally com¬ 
pact normal spaces are established in this model. We shall use: 

Lemma 3 |15]. In this model, locally compact hereditarily normal spaces 
which do not include a perfect pre-image of u\ are paracompact. 

Corollary 4 [IT]. In this model, locally compact, perfectly ?iormal spaces are 
paracompact. 

Lemma 5 [24] . In this model, locally compact normal spaces with Lindelof 
number < Nq which do not include a perfect pre-image of uq are paracompact. 

Let us also quote several useful results concerning the MOP. 

Lemma 6 [T7| ITT] . Countably compact spaces satisfying the MOP are com¬ 
pact. 

Lemma 7 [T?, [11] . First countable spaces satisfying the MOP are locally 
compact. 

Lemma 8 [[T7] HI] . Locally compact, paracompact spaces satisfy the MOP. 

A stronger result is in Lemma [24] below 
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2 Locally compact, perfectly normal spaces 
and the MOP 

Marion Scheepers asked us whether locally compact, perfectly normal spaces 
satisfy the MOP, and whether - if they do - they are paracompact. ffere are 
the answers, modulo a supercompact cardinal. 

Theorem 9. There is a model of PFA(S)[S] in which locally compact, per¬ 
fectly normal spaces are paracompact and hence satisfy the MOP. 

Theorem 10. There is a model in which there is a locally compact, perfectly 
normal space which does not satisfy the MOP. 

Proofs. Theorem 0 follows from Corollary [I] plus Lemma El Theorem [TUI 
follows from Lemma |6l since Ostaszewski’s space [18], constructed from <0, is 
locally compact, perfectly normal, countably compact, but not compact. □ 

For the other question, obviously Corollary [4] answers it one way; for the 
other, we quote: 

Lemma 11 [16] . MA Ul implies there is a locally compact perfectly normal 
space with the MOP which is not paracompact. 

3 Counterexamples 

Although the question of whether locally compact normal spaces with the 
MOP are paracompact has not been answered in ZFC, there are a number of 
consistent counterexamples which repurpose spaces familiar to normal Moore 
space fans. a)-f) are not collectionwise Hausdorff, hence not paracompact. 
Each is normal in some model. 

a) [16] The Cantor tree on a set of reals of size lb is normal and has the 
MOP under MA Wl . 

Definition. A ladder system {A a } Qe ,s, where S is a subset of some ordinal 
A, is a set of sequences, where each X a is strictly increasing, converges to a, 
and has range disjoint from S. The corresponding ladder system space on 
S U ]J{rangeA a : a G S} has the points in each range X a isolated, while a 
basic open set about a e S is {a} U a tail of A a . 
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b) [TTJ A ladder system space on a stationary subset of has the MOP, 
and also is normal under MA W1 . 

Note the first example is separable, while countable sets have countable clo¬ 
sures in the second one. 

c) There is also a version of b) consistent with CH, indeed with <C>. See 

m, a. m 

We shall show that the idea of the proof of the MOP for b) (and hence c)) 
can be used to establish the MOP for: 

d) The tree topology on a a special Aronszajn tree. This is known to be 
non-collcctionwise Hausdorff, and to be normal under MA aJl [ 6 ]. 

as well as for the space of: 

e) Devlin and Shelah p] isolate some points of a special Aronszajn tree 
and manage to force normality while keeping CH. 

Generalizing the proof in HH that a ladder system space on a stationary 
subset of u\ has the MOP, we obtain: 

Theorem 12. Suppose X is locally compact, locally countable, countable sets 
have countable closures, and X = |J <aJi where each X 1 is countable, 
X-y C X 1+ \, and for 7 a limit, A 7 = (J a<7 A a . Further suppose that for 7 
a limit, for each x in the boundary of X 7 , there is a compact neighborhood 
N(x ) such that for each a < 7 , N(x) O X a is compact. Then X has the 
MOP. 

Proof. Since countable sets have countable closures, without loss of generality 
we may assume that X Q C X a+l . Since compact sets are countable, 

C = {a : x G X a implies N(x) C X a } 

is closed unbounded. Since X is first countable, each X a has a countable 
base B a of compact sets open in X a . For a G C, X a is open, so these sets 
are open in X. 

Let i be a moving off collection for X. For any a < 07 , there is a 
countable ordinal h(ct) > a such that for B G B a , there is an A e A such 
that A C A', 5 (a ) and A is disjoint from B. Then 

C' = {a G C : ft < a implies 5(/3) < a} 
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is closed unbounded. Take a strictly increasing sequence { 7 n}n<u in C" and 
let 7 = sup n 7 n . Let {B mk : m < u>} enumerate the basic compact open 
sets of X lk . Note \J{B m ^ : m,k < ca} is a basis for X 1 . Let {x 1:i : i < lo} 
enumerate X 1 — X 7 . For each j < 1 j, there is an Aj e A with Aj C X 7 ,. and 

A? ^ Ak U Um,fc<j B m,k U ^ = Then {Aj}j <UJ 

is locally finite in X 7 , since each B m ^ eventually misses the Aj' s. The x^/s 
are then the only possible limits of the Aj' s. But N^x^j) is disjoint from Aj 
for j > i. Thus the Aj's are locally finite in A'. Since the A,’s are also closed 
disjoint, in fact the collection is discrete. □ 

Note that by Lemma [5l Theorem [12] does not offer a roadmap for con¬ 
structing a locally compact normal space with the MOP which is not para- 
compact. 

We note, for future reference, that: 

Corollary 13. A countable topological sum of spaces satisfying the hypothe¬ 
ses of Theorem, [HI also has the MOP. 

Proof. The sum also satisfies these hypotheses. □ 

Theorem 14. Suppose X is locally compact , locally countable, |A”| > 2 N °, 
and every closed subspace of size 2 H ° has the MOP. Then X has the MOP. 

Corollary 15. CH implies if X is locally compact, locally countable, and 
closed subspaces of size Nq have the MOP, then so does X. 

Corollary 16. CH implies if X is locally compact, locally countable, and 
closed subspaces of size Hi are paracompact, then X has the MOP. 

Corollary 17. CH implies if X is locally compact, locally countable, count¬ 
able subsets have countable closures, and each closed Y C X of size Hq sat¬ 
isfies the conditions for X in Theorem [HI then X has the MOP. 

The first and third corollaries are immediate. The second is because local 
compactness is closed-hereditary, and locally compact, paracompact spaces 
have the MOP. 


Proof of Theorem Let M be a countably closed elementary submodel of 
size 2 h ° containing the space X and a moving off collection A for it. By 
first countability, A' 0 M is a closed subspace of X, so it will suffice to find 
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a discrete collection {A n } n<U] included in A, with each A n C X fl M, and 
{A n } n<U] discrete in X fl M. It suffices to show A fl M is moving off for 
X D M. Let F be a compact subspace of X fl M. Since compact sets are 
countable and M is countably closed, F e M. Then, since M |= A is moving 
off, M |= (3A e A)(F nd = |). But then there is an A e A fl M such that 
F O A = 0. □ 

Our previous counterexamples were not M i -collectionwise Hausdorff; now 
we can get one that satisfies that property: 

f) A consistent-with-CH example of a locally compact, normal, K r collectionwise 
Hausdorff space with the MOP which is not paracompact. 

A ladder system space X on a non-reflecting stationary set E of w-coffiial 
ordinals in uj 2 is easily seen to be Mj-collectionwise Hausdorff, because ini¬ 
tial segments of E are non-stationary. In fact, subspaces of size < Mi are 
paracompact, and hence such small closed ones have the MOP. X is not para¬ 
compact because it is not M 2 -collectionwise Hausdorff. Shelah ra forced to 
make X normal, consistent with OH. □ 

g) A Souslin tree with the usual tree topology is collcctionwise normal j7j. 

It has countable extent but is not Lindelof, so is not paracompact. By 
Theorem [12] it has the MOP. 

A similar proof of the MOP works for any other ay-tree with the tree 
topology, but normal ones that are not paracompact will not be found in 
ZFC - see [7j. Gruenhage [10] proved earlier that any Aronszajn tree has the 
MOP. 

4 More results in a model of PFA(5)[5] 

There are some easy observations about the MOP in the model of PFA(5')[S'] 
we have mentioned earlier. 

Theorem 18. In the model of Lemma [21 Theorem, 0 etc., locally compact, 
hereditarily normal, countably tight spaces with the MOP are paracompact. 

Proof. In a countably tight space, countably compact subspaces are closed 
[3]. Closed subspaces of a space satisfying the MOP also satisfy it. Per¬ 
fect pre-images of ay are countably compact but not compact. Now apply 
Lemmas E] and [HI □ 
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Corollary 19. In this model, first countable hereditarily normal spaces sat¬ 
isfying the MOP are paracompact. 

Proof. By Theorem [TS] and Lemma [7] □ 

Theorem 20. In this model, locally compact, normal, countably tight spaces 
with Lindelof number < Ki satisfying the MOP are paracompact. 

Proof. They do not include a perfect pre-image of oji, so we can apply Lemma 

El □ 

Corollary 21. In this model, first countable, normal spaces with Lindelof 
number < Ni satisfying the MOP are paracompact. 

Proof. Apply Lemma El and Theorem [20l □ 

Corollary 22. In this model, locally compact, normal, countably tight spaces 
satisfying the MOP (in particular, first countable normal spaces satisfying 
the MOP) are paracompact, provided countable sets have Lindelof closures. 

Proof. In SAl it is shown that in this model, 

Lemma 23. In this model, locally compact normal spaces not including a 
perfect pre-image of are paracompact, provided countable sets have Lin- 
delof closures. □ 


5 Baire powers of function spaces 

Definition. A space is weakly o-favorable m if Nonempty has a winning 
strategy in the Banach-Mazur game. In that game, players take turns picking 
an open set included in their opponent’s pick. The first player, Empty, wins 
if, after u plays, the intersection of the open sets is empty; otherwise the 
second player. Nonempty, wins. 

Lemma 24 [TB]. A locally compact X is paracompact if and only if CfiX) 
is weakly a-favorable. 

Galvin and Scheepers [9] note that White [25j showed that all box powers 
of weakly a-favorable spaces are Baire, and then prove: 
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Theorem 25. If it is consistent there is a proper class of measurable cardi¬ 
nals, then it is consistent that if all box powers of a space are Baire, then the 
space is weakly a-favorable. 

They then ask whether there are any consistent counterexamples. Let us 
consider the particular case of Cf(X) for X locally compact. Their result 
then entails: 

Corollary 26. If it is consistent there is a proper class of measurable cardi¬ 
nals, then it is consistent that if all box powers ofCk(X) are Baire, where X 
is locally compact, then X is paracompact. 

Scheepers pointed out to me that Oxtoby [LDj proved that any product of 
Baire spaces with a countable base is Baire, but that a Bernstein set of reals 
is Baire but not weakly a-favorable, so in the Theorem, ordinary powers are 
not enough. 

In fact, they are not even sufficient for the Corollary. Example b) is a 
counterexample: 

Theorem 27. Suppose X satisfies the hypotheses of Theorem 12. Then ar¬ 
bitrary powers of Ck{X) are Baire. 

Proof. Fleissner and Kunen [8] prove 

Lemma 28. Let n> oj. If X w is Baire, then X K is Baire. 

McCoy and Ntantu na prove 

Lemma 29. Let 0 cv<A A' a be the topological sum of copies of X. Then 
C* Xofj is homeomorphic to {Ck{X)) x . 

Thus, by Corollary [131 our assertion that b) is a counterexample is veri¬ 
fied. * □ 

The preceding two lemmas prove that: 

Theorem 30. If countable sums of copies of a locally compact X have the 
MOP, then arbitrary sums of copies of X have the MOP. 

Surprisingly, there is a consistent example of locally compact spaces X 
and Y, each having the MOP, but X © Y does not have the MOP [16]. 

We do have one necessity theorem for large cardinals, but do not know 
whether the hypothesis is vacuous: 


Theorem 31. Suppose that whenever all usual powers of Cf.(X) are Baire, 
for locally compact, M i-collectionwise Hausdorff X, then X is paracompact. 
Then it is consistent that there is a strong cardinal. 

Proof. Take a non-reflecting stationary set E of cu-cofinal ordinals in A + , for 
some A > c. It is known (attributed to R. Jensen) that if it’s consistent no 
such set exists, then it’s consistent there is a strong cardinal - see p2j. Form 
a ladder system space X on E. X is not paracompact, but initial segments 
of it are. Consider an arbitrary sum 0 QgS X a of copies of X. I claim that 
0 q , gS A 7 q has the MOP, whence [Cfc(A)]l 5 l is Baire. By Corollary [I5l it 
suffices to show closed subspaces of 0 s X a of size < 2 H ° have the MOP. 
But they are all paracompact, so they do. But X is not paracompact. □ 

A strong cardinal (see [13] for the definition) has arbitrarily large mea¬ 
surable cardinals below it. Thus, in V Kl where k is the least strong cardinal, 
there is a proper class of measurable cardinals, but no strong cardinal in an 
inner model. Collapsing these cardinals as in [9] yields a model in which 
there is a ladder system space X on a non-reflecting stationary set as above. 
Some box power of Cf,.(X) is then not Baire. 

Large cardinals can be used to destroy non-reflecting stationary sets; this 
translates into results about small subspaces being paracompact implying 
the whole space is paracompact. For example: 

Theorem 32 [23]. Martin’s Maximum implies that if a first countable space 
is either generalized ordered or monotonically normal and closed subspaces 
of size Mi are paracompact, then the space is paracompact. 

For more results of this sort, see [ 23] . 

In [5], Fleissner raises the question of whether, if the box product of a 
collection of Baire spaces is Baire, its Tychonoff product is Baire. Also see 
[8]. The converse is not true [8]. Note that for box powers, in the model 
of Galvin and Scheepers, this is true, since Tychonoff products of weakly a- 
favorable spaces are Baire [25J. Fleissner also asks whether the box product 
of Baire spaces with a countable base is Baire |5]. In this model, this is not 
true - consider the box powers of a Bernstein set. 

One might be tempted, in view of the countable nature of the Baire Cat¬ 
egory Theorem and of weak a-favorability, to conjecture that the Baireness 
of countable box powers would consistently be sufficient to imply weak a- 
favorability, at least for spaces with a countable base. This is not true. L. 
Zsilinszky [2(3] proved: 
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Theorem 33. The countable box power of a Baire space with a countable 
base is Baire. 

But again, a Bernstein set is not weakly a-favorable. 


6 Problems 

The most interesting open question in this area is raised in mi: 

Problem 1. Is there in ZFC a locally compact, normal space with the MOP 
which is not paracompact (equivalently, Ck(X) is not weakly a-favorable)? 

None of the examples we have mentioned exist in the model of PFA(S')[<S'] 
we have been using, since in that model there are no Souslin trees, and normal 
first countable spaces are collectionwise Hausdorff [ITj. 

Problem 2 ([9]). Are large cardinals necessary for Theorem \25\ ? 

Problem 3. Can one prove in ZFC that some box power of Cf ; of a ladder 
system space on a (non-reflecting?) stationary set of co-cofinal ordinals is not 
Baire? 

Problem 4 ([5]). Can one prove in ZFC that if a box product of a collection 
of Baire spaces is Baire, then its Tychonoff product is Baire? 
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